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abstract
For simple and simply-connected complex algebraic group GC, we conjecture the existence
of a functor ηGC from the category of 2-bordisms to the category of holomorphic symplec-
tic varieties with Hamiltonian action, such that gluing of boundaries corresponds to the
holomorphic symplectic quotient with respect to the diagonal action of GC. We describe
various properties of ηGC obtained via string-theoretic analysis. Mathematicians are urged
to construct ηGC rigorously.
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1 Introduction
Physicists have been gathering evidence for the existence of a class of interacting super-
conformal quantum field theories in six dimensions with N = (2, 0) supersymmetry. These
theories are believed to have an ADE classification, i.e. they are classified by a connected,
simply connected and simply laced compact Lie group G, and appear to lie at the heart of
a large number of results and constructions in physical mathematics. We will denote these
theories by S[G]. For a discussion of 6d N = (2, 0) theory aimed at mathematicians, see
[1, 2].
Let C be a punctured Riemannian surface and consider the theories S[G] on R1,3 ×
C. Combining the conformality of S[G] with a partial topological twist one can argue
that the resulting theory depends only on the conformal structure of C. Consequently,
these partially twisted theories should satisfy factorization properties reminiscent of those
of two-dimensional topological and conformal field theories. In Section 2 below we provide
a slightly more precise description of these factorization properties, although we hasten
to add that this description will not be completely satisfactory to mathematicians. This
state of affairs can, however, be ameliorated. Several geometric objects, such as certain
branches of moduli spaces of vacua, can be associated to the theories S[G] on C, and these
geometric objects inherit the factorization properties of the parent theory. The assignment
of such geometric objects to the data of C is something which is susceptible to rigorous
mathematical discussion. In this note we provide a simple example. Namely, we show how
the “maximal-dimension Higgs branch of the theory S[G] on C ” provides an example of a
two-dimensional topological field theory valued in a symmetric monoidal category which is
not simply a category of vector spaces. This formulation captures some results originally
found and described in physics language in the literature. See, for examples, [3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16].
The existence of this two dimensional field theory relies on the existence of certain holo-
morphic symplectic manifolds satisfying properties listed in Section 3. We hope mathemati-
cians find the formulation of this topological field theory sufficiently precise and interesting
to provide a rigorous construction of the required manifolds.
2 Physical Background
In this section we sketch in a little more detail the sense in which the theories S[G] define a
generalization of two-dimensional conformal field theory. Readers who are only interested
in the two-dimensional topological field theory or those who prefer rigorously formulated
mathematics can safely skip this section and proceed to Section 3.
Quantum field theories can have “defects,” or “defect operators.” These are operators
or degrees of freedom which can be placed on positive codimension subspaces of spacetime.
Thus, for example, a local operator is a point defect, a Wilson line operator is a line defect,
and so on. The six-dimensional theories S[G] have certain supersymmetric codimension-two
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defects. For our purposes all we need to know about these defects is that they are specified
by a homomorphism ρ : su(2) → g. Let us now consider an oriented surface C of genus
g with n punctures with a Riemannian metric of finite volume. We study the theory S[G]
on R1,3 × C with the codimension-two defects located at the punctures. We denote the
punctures pa assigned with the homomorphism ρa collectively as D, and refer to the pair
(C,D) as a decorated surface.
The theory S[G] on R1,3×C admits a partial topological twist such that, when one takes
the long distance limit, (i.e. the “Kaluza-Klein reduction”) the result is a four-dimensional
theory with d = 4,N = 2 supersymmetry, which we will denote SG(C,D). This construction
was introduced in [17, 18, 19, 9]. These theories, known as theories of class S, have many
properties. One is that the defects Da associated to punctures pa ∈ C have a global
symmetry group 1 Ga ⊂ G, the commutant of the image of ρ. The global symmetry group
of the theory SG(C,D) includes
∏
aGa. Moreover, the theory SG(C,D) only depends on
the conformal structure on C (but up to some subtleties). This property results from
the topological twisting. Furthermore, the space of coupling constants is the moduli space
Mg,n of complex structures on C, and the Deligne-Mumford boundaries correspond to weak
coupling limits of the theory.
In [9], D. Gaiotto argued that at the boundaries of Mg,n the theories SG(C,D) should
exhibit factorization properties analogous to those enjoyed by two-dimensional conformal
field theories and two-dimensional topological field theories. Let us consider two decorated
surfaces (CL, DL) and (CR, DR) and let us pick punctures pL ∈ CL and pR ∈ CR both
with ρpL = ρpR = 0 so that GpL = GpR = G. Now, on the one hand, we can consider
the product theory, and gauge the diagonal subgroup of its global G × G symmetry. In
d = 4,N = 2 gauge theory the only essential parameter introduced in this operation is
a coupling constant q = e2piiτ . Call the resulting theory SL ×G,q SR. On the other hand,
choosing local coordinates zL, zR at pL, pR such that pL,R is at zL,R = 0, we can form the
punctured surface CL×qCR by setting zLzR = q with data DLR at the remaining punctures.
Gaiotto’s crucial statement is that the two constructions lead to the same theory:
SL ×G,q SR = SG(CL ×q CR, DLR). (2.1)
We caution the reader that for some pairs (C,D) (e.g. when C is a sphere with two
punctures) the theory SG(C,D) does not exist as a genuine four-dimensional theory, and
hence in some situations (2.1) must be interpreted with care. Nevertheless, this result points
to the existence of a generalization of two-dimensional conformal field theory where we
have a two-dimensional field theory whose target category is something like the “symmetric
monoidal category of four-dimensional N = 2 theories.”
The idea of a topological field theory whose target category is a general symmetric
monoidal category has appeared quite often before in the formal study of topological field
1The physics literature is rather imprecise about which compact form of the group one should choose,
and the issue is nontrivial for reasons discussed in [1]. We will gloss over that point in this Section, and it
will not affect the more precise mathematical statements of Sections 3 and 4.
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theories. One recent discussion may be found in [20]. If F is an n-dimensional topological
field theory then for any fixed compact k-dimensional manifold K the functor FK whose
domain is the the (n−k)-dimensional bordism category and which is defined by FK :M 7→
F(M × K) is an (n − k) dimensional topological field theory. This is a TFT version of
Kaluza-Klein reduction along K. Therefore, K 7→ FK is an example of a k-dimensional
field theory whose target category is the category of (n − k)-dimensional field theories.
In an analogous way, we would like to regard SG as a “functor” from decorated surfaces:
SG : (C,D) → SG(C,D), where C is endowed with a conformal structure, as an example
of a “two-dimensional conformal field theory whose target category is the category of four-
dimensional N = 2 theories.” This statement can surely be made more precise, and it would
be worthwhile doing so. However, in the absence of a mathematically rigorous formulation
of an N = 2, d = 4 quantum field theory it cannot be made fully rigorous.
In any case, we will view SG as something analogous to a functor. Now, physicists
know that many different mathematical objects can be associated to a 4d N = 2 theory
“functorially.” Composing them with SG, we expect to have operations which associate to
(C,D) simpler mathematical objects, which might be rigorously formulated. Let us mention
a few examples:
1. Take the maximal-dimension Higgs branch H(T ) of a 4d N = 2 theory T . Denot-
ing this operation by H, we consider the composed operation ηG = H ◦ SG. This
operation ηG associates a hyperka¨hler manifold to a punctured 2d surface C. The
construction preserves SU(2) R-symmetry, which is manifested as the SO(3) isome-
try of the hyperka¨hler manifold rotating three complex structures. Supersymmetry
implies the Higgs branch should be independent of coupling constant, and hence it is
believed that ηG(C) only depends on the topology of C. Since SG is a ‘functor’ and H
is a natural operation, we may expect that ηG is susceptible of a precise mathematical
definition as a well-defined functor from the category of 2-bordisms to the category
of hyperka¨hler manifolds. Due to a subtlety which we come back to in Section 5,
we need to regard the image of ηG as a holomorphic symplectic variety to define a
genuine TQFT. The SO(3) isometry of the hyperka¨hler manifold is now manifested
as the C× action ψt on the variety under which the symplectic form ω is rescaled,
i.e. ψ∗t (ω) = t
−2ω. In the next section we will show that ηG determines a 2d TQFT
whose values are holomorphic symplectic varieties. In other words, ηG(C) is the “am-
plitude” associated to the surface C.
2. We could also talk about the composition C ◦ SG, where C(T ) of a 4d N = 2 theory
T is the “Coulomb branch of T on R3 × S1.” As a holomorphic symplectic variety
this is the algebraic integrable system canonically associated to T . (See, for examples
[21, 22] for reviews of early work and [19] for a recent discussion.) For a punctured
Riemann surface C, C ◦ SG(C) is the moduli space of a Hitchin system on C. It is to
be emphasized that ηG(C) is not to be confused with C ◦SG(C). Rather, SG(C) is the
“3d mirror” to C ◦SG(C) [23, 6]. Understanding the factorization properties of C ◦SG
expected from physics appears to be challenging.
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3. It should also be emphasized that there are many other objects which can be extracted
from a “4d N = 2 theory.” Another class of objects is defined for each four-manifold
X , and is called the partition function on X and denoted by ZX . For compact X
this will be a complex number. (In practice, X is endowed with extra data such
as parameters of equivariant cohomology, when it has symmetries, or the data of
external gauge fields coupling to global symmetries, in which case it is a function
of these parameters.) ZX has factorization properties analogous to the correlation
functions of a conformal field theory or of a topological field theory on C. There
are some notable examples of this in the literature. For example ZS4 ◦ SG(C) for
G = SU(2) turns out to be related to the correlation functions of local operators on
C of the Liouville conformal field theory [24]. This statement has been generalized
to the 2d Toda field theory of type G with W -symmetry in [25]. The local operators
are inserted at the punctures of C, and determined by the defect data. On the other
hand, ZS3×S1 ◦ SG(C) is independent of the complex structure. It is in general a
two-parameter deformation of the 2d q-deformed two-dimensional Yang-Mills theory
in the zero-area limit [26, 27, 28].
The rest of the note is devoted to the formulation of ηG = H ◦ SG. Conjecturally, the
functor ηG also exists for non-simply-laced G. There is no known 6d N = (2, 0) theory
corresponding to non-simply-laced Lie algebras. Therefore, when G is not simply-laced, one
first puts a suitable 6d N = (2, 0) theory on S1 with an automorphism twist to produce 5D
super Yang-Mills theories with gauge group G∨ [29, 30]. Compactifying such a theory on
the punctured surface C produces a 3d theory, whose moduli space of vacua contains one
branch of the form ηG[C] and another branch which is the moduli space of a G
∨-Hitchin
system.
3 Axioms
3.1 The source and the target categories
Here we describe the basic properties of our functor. First we specify the source and the
target categories. We take the source category to be the bordism category Bo2, i.e. the
objects are closed oriented one-dimensional manifolds (i.e. disjoint unions of multiple S1s)
and a morphism from B1 to B2 is a two-dimensional oriented manifold C whose boundary
is B1 ⊔ (−B2). Bo2 is a symmetric monoidal category with duality under the standard
operations.
The target category HS is a category of holomorphic symplectic varieties with Hamilto-
nian action defined as follows. Let us start with the category structure:
• The elements of Obj(HS) are complex algebraic semi-simple groups (including the
trivial group 1).
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• For GC, GC
′ ∈ Obj(HS), an element of Hom(GC, GC
′) is a triple ([X ], GC, GC
′). Here X
is a holomorphic symplectic variety with a C× action ψt such that ψ
∗
t (ω) = t
−2ω where
t ∈ C×, together with a holomorphic Hamiltonian action of GC×GC
′ commuting with
ψt. We identify an X with symplectic form ω with an X
′ with symplectic form ω′ if
there is a holomorphic isomorphism f : X → X ′ commuting with the GC×GC
′ action
and the C× action such that f ∗(ω′) = ω. [X ] denotes the resulting equivalence class.
To lighten the notation we write informally X ∈ Hom(GC, GC
′) but one must bear in
mind that a morphism has an ordered pair of groups GC and GC
′.
• ForX ∈ Hom(GC
′, GC) and Y ∈ Hom(GC, GC
′′), their composition Y ◦X ∈ Hom(GC
′, GC
′′)
is defined as the holomorphic symplectic quotient
Y ◦X := X × Y//GC = {(x, y) ∈ X × Y | µX(x) + µY (y) = 0}/GC (3.1)
where µX : X → g
∗
C
and µY : Y → g
∗
C
are moment maps of the GC action on X and
Y , respectively. Here gC is the Lie algebra of GC.
• The identity idGC ∈ Hom(GC, GC) is T
∗GC which has Hamiltonian GC ×GC action.
We must check that these definitions define a category. The associativity of the compo-
sition follows readily from the definition. To see that T ∗GC acts as the identity consider, for
example T ∗GC ◦X . We can identify T
∗GC ∼= GC × gC using left- or right-invariant forms.
Denoting an element of T ∗GC by (g, a) the moment map condition is a + µ(x) = 0, which
eliminates a. The induced two-form on the solution space is GC-invariant and basic. The
quotient by GC allows us to gauge g to 1, thus giving a holomorphic isomorphism with the
original space X with its symplectic form.
The category HS is a symmetric monoidal category. The monoidal structure is given by
the following operations, which are obviously symmetric:
• For GC, GC
′ ∈ Obj(HS), GC ×GC
′ ∈ Obj(HS) is the Cartesian product of groups.
• For X ∈ Hom(GC, GC
′) and Y ∈ Hom(HC, H ′C), X × Y ∈ Hom(GC ×HC, GC
′ ×H ′
C
)
is also the Cartesian product of X and Y .
Note that the trivial group 1 is the unit under this operation.
The category HS also comes with duality. Here by a symmetric monoidal category with
duality we mean one such that
• For any object A, there is a dual object A∗.
• There are basic morphisms pA ∈ Hom(A×A∗, 1) and qA ∈ Hom(1, A∗×A) so that the
following identities (sometimes called the “zig-zag identities” or “S diagram”) hold:
(pA × idA) ◦ (idA × qA) = idA (idA∗ × pA) ◦ (qA × idA∗) = idA∗ , . (3.2)
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The duality structure for Bo2 is well known: It is simply the statement that the standard
S-cobordism is equal to the tube. The duality structure for HS is given by:
• For an object GC ∈ Obj(HS), we define its dual to be GC itself.
• We let qGC ∈ Hom(1, GC × GC) and pGC ∈ Hom(GC × GC, 1) both be T
∗GC; they
trivially satisfy the zig-zag identities.
3.2 Functor
Choose a simple, simply-connected algebraic group GC. We want to define a functor
ηGC : Bo2 → HS (3.3)
between symmetric monoidal categories with duality. The image of the object S1 is GC:
ηGC(S
1) = GC. (3.4)
Next, because our categories have duality, it suffices to specify the image of the basic
corbordisms with one, two and three incoming circles:
U = ∈ Hom(S1,∅), (3.5)
V = ∈ Hom(S1 ⊔ S1,∅), (3.6)
W = ∈ Hom(S1 ⊔ S1 ⊔ S1,∅). (3.7)
Our convention is that in all the figures all boundary components are incoming. Other
morphisms are then easily obtained by using pS1 and qS1 .
Let us define varieties UGC := ηGC(U) and WGC := ηGC(W ). In order for ηGC to be a
functor, we must have ηGC(V ) = T
∗GC, and moreover, UGC and WGC have to satisfy basic
sewing axioms of two-dimensional TFT (see e.g. [31]). In our case these axioms translate
into the following statements:
• (Capping) UGC ◦WGC = T
∗GC. This comes from the diagram:
ηGC( ) = ηGC( ). (3.8)
• (Commutativity) WGC has an action of S3 permuting the Hamiltonian GC
3 action,
i.e. it has a holomorphic symplectic action of S3 ⋉GC
3. This comes from the diffeo-
morphism exchanging three boundaries of the pair of pants.
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• (Associativity) WGC ◦WGC has an action of S4 permuting the Hamiltonian GC
4 action,
i.e. it has a holomorphic symplectic action of S4⋉GC
4. This comes from the following
diagram:
ηGC( ) = ηGC( ). (3.9)
We can summarize as follows: there is a one-to-one correspondence between a 2d topological
field theory ηGC valued in HS and a pair of holomorphic symplectic varieties (UGC,WGC)
satisfying the above three properties. We close with two remarks:
1. The axioms imply that WGC
n−2 has a holomorphic symplectic action of Sn ⋉GC
n for
all positive n. Here we formally take WGC
−1 = UGC and WGC
0 = VGC = T
∗GC.
2. ηG(torus) is the symplectic quotient of T
∗GC by the adjoint action of GC. This shows
that the holomorphic varieties are in general singular.
3.3 Physical data
In the context of theories of class S, physical arguments show that UGC is a moduli space
of Nahm’s equation on a segment. These spaces have been studied by Kronheimer [32] and
Bielawski [33, 34]. In particular UGC is given by
UGC = GC × Sn ⊂ GC × gC ≃ T
∗GC (3.10)
where Sn is the Slodowy slice at a principal nilpotent element n. Recall that, by definition,
the Slodowy slice Se ⊂ gC at a nilpotent element e is:
Se = {e+ v ∈ gC | [f, v] = 0} (3.11)
where (e, h, f) is an sl(2) triple containing e, i.e. [e, f ] = h, [h, e] = 2e and [h, f ] = −2f .
Note that the principal nilpotent element n is unique up to conjugacy so the equivalence
class [UGC] doesn’t depend on the choice of n. For example, for GC = SL(N,C), an example
of a principal nilpotent element n is a Jordan block of size N ×N , and Sn is an affine space
of dimension N − 1. For example, for N = 4, we have
n =
(
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
)
and Sn =
{( 0 1 0 0
a 0 1 0
b a 0 1
c b a 0
)}
. (3.12)
Now the physical theories of class S predict the existence of a variety WGC satisfying the
properties above needed to define a topological field theory ηGC . We will give some explicit
examples of WGC in the next section but for general GC, WGC does not appear to be known,
and we urge mathematicians to construct it.
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We remark that the dimension of WGC is easily computed. The dimension of UGC is
given by
dimC UGC = dimCGC + rankGC. (3.13)
Now, since GC acts effectively, the capping axiom implies that
dimCWGC = 3dimCGC − rankGC, (3.14)
It would be interesting to know if there is a unique holomorphic symplectic manifold satis-
fying the above criteria.
4 Examples
4.1 The case g = A1
For g = A1, WGC is given by the flat symplectic spaceWGC = C
2⊗C2⊗C2 [9]. It satisfies all
the properties listed in the above under the natural SL(2,C)3 action, together with the S3
action permuting the three C2 factors. The associativity is somewhat nontrivial. It turns
out that
ηA1( ) = (C
2 ⊗ C2 ⊗ C2)× (C2 ⊗ C2 ⊗ C2)//SL(2,C) (4.1)
is the Atiyah-Drinfeld-Hitchin-Manin construction of the (closure of the) minimal nilpotent
orbit of SO(8,C), or equivalently the framed centered 1-instanton moduli space of SO(8)
gauge fields on R4 [35]. SO(8,C) has SL(2,C)4 subgroup, as shown in Fig. 1. The outer
automorphism of SO(8) then provides the action of S4, see Sec. 10 of [36]
4.2 The case g = A2
For g = A2, WGC is believed to be the (closure of the) minimal nilpotent orbit of E6(C)
[3, 7, 9]. The group E6(C) has a special maximal proper subgroup SL(3)
3, determined from
the extended Dynkin diagram shown in Fig. 1. Outer automorphisms of E6(C) provide the
action of S3 on WGC permuting the three SL(3) actions. The capping and the associativity
have not yet been checked. We believe it is a straightforward calculation.
4.3 A general conjectural property of WGC
WGC has moment maps of the G
3 action
µi :WGC → g
∗
C
(4.2)
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Figure 1: Extended Dynkin diagrams of D4, E6, E7 and E8, together with subdiagrams
corresponding to SL(2)4, SL(3)3, SL(4)2 × SL(2), and SL(6)× SL(3)× SL(2) subgroups
for i = 1, 2, 3. From string theory analysis, it is believed (see e.g. Appendix C of [12]) that
for any element of P ∈ C[gC]
GC we have
P (µ1) = P (µ2) = P (µ3) (4.3)
where we regarded P as a function on g∗
C
. This equality for WA1 = C
2 ⊗ C2 ⊗ C2 for the
quadratic P reduces to the uniqueness of Cayley’s hyperdeterminant. This equality forWA2 ,
which is the minimal nilpotent orbit of E6(C), can be checked using its defining equations
due to Joseph [37].
4.4 Some more conjectural properties for g = An
There are a few more results about WAn deduced from string theory analysis for general n.
To describe them, we need to generalize the construction slightly. We enlarge the morphisms
of the source category to be two-dimensional surface with marked points, with additional
data at each marked point given by a homomorphism ρ : sl(2)→ gC. Correspondingly, we
introduce holomorphic symplectic manifolds
ηGC( ) = GC × Sρ(e) ⊂ GC × g ≃ T
∗GC (4.4)
which are also the moduli spaces of Nahm’s equation on a segment with appropriate bound-
ary conditions [33]. Note that this variety has a Hamiltonian action of GC × Z(ρ), where
Z(ρ) is the centralizer of ρ(SL(2)) inside GC. Note also that for ρ = 0 this manifold is T
∗GC
itself.
Then we can associate to a sphere with three marked points a holomorphic symplectic
variety using the holomorphic symplectic quotient specified by the following figure:
ηGC( ) = ηGC( ). (4.5)
We denote this variety by ηGC(ρ1, ρ2, ρ3). Similarly, we can define the holomorphic sym-
plectic manifolds ηGC(ρ1, ρ2, ρ3, ρ4) associated to a sphere with four punctures marked by
ρ1,2,3,4.
For GC = SL(N,C), the homomorphism ρ : sl(2) → sl(N) can be identified with a
partition of N , which we denote by [iei, jej , . . .] for N =
∑
i eii. In this notation ρ = 0
corresponds to [1N ]. Now we can start listing the known properties of ηAN−1(ρ1, ρ2, ρ3).
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4.4.1 Symplectic vector spaces
With suitable choices of ρ1,2,3, we can realize symplectic vector spaces in various represen-
tation of SL(N). For example,
ηAN−1([1
N ], [N − 1, 1], [1N ]) = V ⊗ V ∗ ⊕ V ∗ ⊗ V, (4.6)
ηAN−1([1
N ], [⌊N+1
2
⌋, ⌊N
2
⌋], [⌊N
2
⌋, ⌊N−1
2
⌋, 1]) = ∧2V ⊕ ∧2V ∗ ⊕ V ⊗ C2 ⊕ V ∗ ⊗ C2 (4.7)
where V = CN [9, 11, 14]. More examples for A3, A4 and D4 can be found in [14, 38].
From (4.6), we can deduce that
ηAN−1([1
N ], [N − 1, 1], . . . , [N − 1, 1]︸ ︷︷ ︸
k
, [1N ])
=
[
k⊕
i=1
Vi ⊗ V
∗
i+1 ⊕ V
∗
i ⊗ Vi+1
] //
SL(V2)× SL(V3)× · · · × SL(Vk) (4.8)
where Vi ≃ C
N . This is an SL-version of Nakajima’s quiver varieties [39].
4.4.2 Instanton moduli spaces
When the choices of ρ1,2,3 are related to the structure of an extended Dynkin diagram,
ηAn(ρ1, ρ2, ρ3) can sometimes be identified with instanton moduli spaces [10, 13]:
• ηA2k−1([k
2], [k2], [k2], [k2]) is the framed centered k-instanton moduli space of D4 on R
4
of dimension 12k− 2. Note again the special maximal proper subgroup SL(2)4 of D4,
as shown in Fig. 1. Note that this reduces to the statement on WA1 ◦WA1 in Section
4.2 when k = 1.
• ηA3k−1([k
3], [k3], [k3]) is the framed centered k-instanton moduli space of E6 on R
4 of
dimension 24k−2. Note that Z([k3]) = SL(3) and SL(3)3 is a special maximal proper
subgroup of E6. Note also that this reduces to the statement on WA2 in Section 4.1
when k = 1.
• ηA4k−1([k
4], [k4], [2k2]) is the framed centered k-instanton moduli space of E7 on R
4 of
dimension 36k − 2. Note that Z([k4]) = SL(4) and Z([2k2]) = SL(2). SL(4)2 × SL(2)
is a special maximal proper subgroup of E7 as shown in Fig. 1.
• ηA6k−1([k
6], [2k3], [3k2]) is the framed centered k-instanton moduli space of E8 on R
4 of
dimension 60k− 2. Note again the special maximal proper subgroup SL(6)× SL(3)×
SL(2) of E8, as shown in Fig. 1.
The analysis of the case k = 1 goes back to [40, 41, 42, 23].
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5 Functor to the category of hyperka¨hler manifolds
Before ending this note, let us briefly discuss why we chose the holomorphic symplectic va-
rieties as the target category. The Higgs branch of a supersymmetric theory not only comes
with a holomorphic symplectic structure, but is equipped with hyperka¨hler structure. The
category HK of hyperka¨hler manifolds with triholomorphic action can be defined naturally
by saying that elements of Obj(HK) are compact semi-simple groups and that Hom(G,G′)
consists of hyperka¨hler manifolds with triholomorphic action of G × G′. It seems more
natural to take HK as the target category, but it turns out that ηG in the hyperka¨hler sense
is not quite a topological quantum field theory.
The subtlety can be understood by considering T ∗GC ∈ Hom(G,G), whose hyperka¨hler
structure was originally constructed by Kronheimer using the Nahm equation [32]. The
hyperka¨hler metric g can be replaced by g/a where a ∈ R+ is a positive real number without
destroying the G×G invariance or hyperka¨hler structure; let us denote the resulting rescaled
hyperka¨hler space by T ∗GC
a. It can be checked that
T ∗GC
a × T ∗GC
a′///G = T ∗GC
a+a′ , (5.1)
i.e. the hyperka¨hler quotient changes the overall factor of the metric. This fact follows
naturally by the fact that T ∗GC
a is the moduli space of Nahm’s equation on a segment of
length a. Then, to have an identity in Hom(G,G), we need to take the a → 0 limit of the
Riemannian manifold T ∗GC
a, which does not exist in the usual sense.
It seems likely that ηG becomes a functor to HK if we change the source to be the
category without identity of 2-bordisms with the area, so that a morphism is a pair (C, a)
where C is an orientable 2-manifold with boundaries and a is a positive real number which
can be thought of as the area of C. The composition of two morphisms then adds the area.
Then, for example, ηA1(W, a) is a hyperka¨hler manifold which is equivalent to C
2⊗C2⊗C2
as a holomorphic symplectic manifold for any a; there is a sense in which the a→ 0 limit of
ηA1(W, a) is the flat hyperka¨hler metric on C
2 ⊗C2 ⊗C2. Similarly, ηA2(W, a) is equivalent
to the minimal nilpotent orbit of E6(C) as the hyperka¨hler manifold only in the a → 0
limit; at finite a, the hyperka¨hler metric is only invariant under SU(3)3, not under the full
E6. These points need to be studied more carefully.
6 Further Extensions
To conclude we would like to mention two further directions in which this work could be
extended. Both extensions appear to us to be nontrivial open problems.
First, quite generally, when the target category has an action of a discrete group Γ a
natural generalization of a topological field theory is to the equivariant case, where the
cobordism category is a category of principal Γ-bundles over a surface, where Γ is a discrete
group. The sewing axioms are known in this case and can be found in [31]. In our case,
we can pick as Γ a discrete subgroup of Aut(G) if G is simply-laced. Physics predicts the
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existence of Γ-equivariant topological field theory extending the one we have described [15].
In particular, the principal Γ-bundle over S1 with holonomy x ∈ Γ is mapped to (Gx)∨,
where ∨ is the Langlands dual.
Second, it is natural to ask whether the topological field theory we have described fits
nicely into the structure of an extended topological field theory in the sense described in
[43, 44, 45, 46, 20]. Given the relation of theories of class S to conformal field theory it
is natural to expect a 0-1-2-3 theory. The extension to level 3 should involve Lagrangian
subvarieties of the holomorphic symplectic manifolds and be related to the physics of domain
walls in theories of class S.
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